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ABSTRACT: A theory is developed to describe an interface that on one side has a pure polymer A and on
the other side has a mixture of polymers B and C. In general one of the polymers, say B, adsorbs to the
interface and significantly modifies properties such as interfacial tension and overlap of the A with the BC
phase. Judicious choice of component B may thus lead to a desirable change from the properties of an A/C
interface. Such changes may improve joint strength or slow the process of phase demixing, for example.
Physical properties are calculated for interfaces with various values for the physical parameters. Trends
observed in the data are discussed in physical terms. Adsorption issignificant even with rather mild differences
of interaction parameter or with a fairly small amount of B. This is because the homogenizing effect of
entropy of mixing is insignificant with polymers and also because polymeric interfaces are broad. However,
when one particular relation among the parameters holds, there is no adsorption to the interfacial region.
The properties of such interfaces are given in closed form.

I. Introduction

The properties of the interfaces between polymeric
phases are important in determining the nature of blends
and of block copolymers. In earlier work! it was shown
that such interfaces are frequently much broader than
those of typical monomeric systems. This enhances
entanglement and the strength of the joint. Also the
interfacial tensions between immiscible polymers may be
quite low, so that the driving force to growth of phase
domains is small. This (together with low diffusion
constants) accounts for the kinetic stability of intimate
blends of polymeric phases.

Today the trend is to the use of more complex polymeric
phases, including true thermodynamic mixtures. This
makes worthwhile a study of the interface A/BC, by which
we mean the interface between a pure polymeric phase A
on one side and a mixture of polymers B and C on the
other. Among the specific reasons for studying such an
interface are the following:

(i) The interface may be part of a system chosen, for
other reasons, to have this phase structure.

(ii) One may want to know how the addition of polymer
C to a B phase can benefit the interfacial properties.

(iii) The methods and insights developed here will be
useful in understanding even more complex interfaces,
such as AB/CD, AB/BC, or interfaces containing block
copolymers.

Under most circumstances one of the polymers of the
BC mixture penetrates more deeply into the A phase than
the other. The borderline condition where this deeper
penetrating polymer changes from one component of the
mixture to the other will be given, and this case examined.

In the system under consideration (according to the
model we will use) four important parameters are the three
Flory® parameters, xaB, xac, and xpc (note that xgc must
be negative for mixing of B and C to occur) and the volume
fraction of B in the asymptotic mixture phase, ¢p.. One
of these (we will choose it to be xap) serves only to scale
distances, interfacial tensions, and the other x’s. Param-
eters also involved only in scaling (i.e., as multiplicative
factors) are the statistical segment length, b, the pure
polymer density, po, and the temperature, T.

The major thrust of our work has been to solve
numerically equations describing the A/BC interface, in
order to calculate the concentration profiles, interfacial
tension, overlap of the phases, and adsorption of B to the
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interfacial region. However, the way properties change as
the interaction and composition parameters are varied
can frequently be qualitatively understood on more
physical grounds, as we shall show.

In the next section we provide details about the model
we will be using. Also we define the Gibbs dividing surface
and surface excess (adsorption) of B. Areviewis presented
then of the results of earlier studies of the simpler A/B
interface. InsectionIV firstthe theory of the A/B interface
is summarized as background, and then the theory
appropriate for the A/BC interface is detailed (reading of
this section is not essential for understanding the rest of
the paper, specifically the results of the calculations of
properties). In section V we look at the concentration
profiles of B and C well into the region that is predom-
inantly A. In section VI a discussion is presented of two
limiting cases. One is when the parameters are such that
the ratio of B to C remains constant everywhere. The
other is when C is strongly repelled from overlap with A.
The results of the calculation of the physical properties
of the interface, as the parameters are varied, are given in
section VII. A summary ends the body of the paper. Most
of the analytic and numerical details are put into the
appendices. Appendix A explains how the solutions of
the equations behave as x — £~ and the importance of
getting this asymptotic behavior right in order to obtain
a numerical solution of the differential equations. Ap-
pendices B and C provide details about the two limiting
cases introduced in section VI.

Three-component, or quasi-three-component, polymeric
interfaces that have previously been studied theoretically
include two immiscible polymers that are compressible,!
so that the third component is vacuum, or equivalently a
neutral solvent; a homopolymer in two solvents that are
only partially miscible;® and a block copolymer AB in the
interface A/B.” In refs 6 and 7 the random phase
approximation is used. All these references use pertur-
bation techniques that limit their range of applicability.

II. The Model and Its Thermodynamics

Consider the interface that forms between two phases.
Oneis pure polymer A. The otheris a mixture of polymers
B and C, with volume fraction ¢g. of B and ¢ce = 1 ~ ¢B=
of C. We will conventionally regard the A phase as being
on the left, i.e., extending to x — -, Because the mo-
lecular weights of all the polymers will be taken as infinite,
the A phase is pure, and the concentration of A falls to
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zero as one moves to x — =, For the A/B interface the
asymptotic limit is effectively reached at fairly low degrees
of polymerization,® typically 0(10). What is required is
that the product of N and the smallest interaction
parameter be large compared with unity.

For simplicity, certain properties of the pure polymers
A, B, and C will be taken as the same: viz., the density
when pure, py, in monomers per unit volume; and the
statistical length of a monomer, 4. This assumption was
easily removed in the case of the A/B interface? and
presumably can be removed here, too. The surface tension
depends only on the combination variable, pob?, which is
much closer to being constant for most polymers than the
individual factors,

Theinteractions are characterized by x parameters such
that the interaction free energy density (excluding gradient
terms that are generally negligible?) is

f/PokBT = xaBPa®E T XacPadc + XpcoPpPc (2.1)

For the present system xap and xac are positive, while
XBc 18 negative.

We will need the chemical potentials of the components
relative to the pure materials. These are obtained from
the conditions in the asymptotic phases and are given by®

Aup/kpT = Xpchee (2.2)

Auc/ksT = Xpcbpe 2.3)

The interface is characterized by the density profiles
oa(x), #B(x), and ¢c(x), these being nontrivialin the region
near x = 0. The plane to be called x = 0 is arbitrary. We
will select it as the Gibbs dividing surface for component
A, i.e,, the level of x such that the amount of A material
in the right half-space exactly equals the deficit of A in
the left half-space:

f7dx o500 = [ dx [1- 6,1 2.4)

The differential absorption to the interface of the com-
ponents of the mixed phase can be characterized by a
quantity ny;g, the excess B in the surface region (in
monomers per unit area)

Mo = ool | 4% dp(x) + [ "dx [9p(x) - dp.]} (25)

III. Review of the A/B Interfacial Properties

The present paper is an extension of the theory of the
A/B interface, as developed by Helfand and Tagami.! In
this section we will summarize the results of that study.
Later we present a brief review of the theoretical basis.

The interfacial tension, v, of the A/B interface is given
by

v =62k Tpobx i 3.1
The interfacial profiles of A and B are

6 1/2
Palx) = %{1 - tanh [(X%x]} 3.2)

#p(x) =1-¢,(x) (3.3)

Hence one measure of the characteristic thickness of the
interfaceis a; = b/(6xaB)/2. Since xap can be quite small,
the thickness of the interface can be quite a bit larger than
that between small-molecule phases. Their are many ways
(differing by numerical factors) to choose a characteristic
thickness. The above definition is 2a; = |d¢a/dx[? eval-
uated atx =0.! Physically this is the thickness of a wedge-
shaped profile with the slope equal to that of the true
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profile at x = 0. Another definition is a measure of the
overlap between the phases:

oy =2 " dx ¢, (x) ¢p(x) (3.4)

The factor of 2 has been included so that a1, = a; for the
A/B interface. The measure ap, will be useful for the A/
BC interface.

IV. Theory of Polymer Interfaces

(Readers interested primarily in seeing how and why
the properties of the polymer interface vary with the
parameters may omit this section. It deals with the
equations used for the calculation of the interfacial
properties.)

In the development of the theory!~3 interest focuses on
quantities gx(x), which are proportional to the probability
density that a very long (essentially infinite) chain, of
species K, will have one of its ends at the level x. A middle
monomer of a long chain can be viewed as the origin of two
such long chains, so the volume fraction of K at x is given
by

ox(x) = [gx(x)}? 4.1

The quantities gk are determined by a modified diffusion
equation (as might be expected from the relation of
polymer statistics to random walks). The diffusion-like
equation must be enhanced to take into account the
interactions among the species and also to ensure that the
molecules assemble themselves in such a way that the
density at any point is a constant (assuming, as we will,
that there is zero volume change on mixing).

A. Review of the A/B Interface Theory. For the
A/B interface the appropriate equations for g, and gg are

2d%q,(x)
%q_Az - [xapd3(®) + w®]ga(x) =0 (4.2)
dx
2 d’qp(x)
%d_; - [xapda(®) + W)1gg(®) =0 (4.3)

The function w(x) must be chosen in such a way that for
all x

dA(x) + dp(x) = gh(x) + gi(x) = 1 (4.4)

There are several equivalent formulas for the interfacial
tension. One of them is

Y/poksT = 2 [~ dx Xxpé4(x) d5(x) (4.5)

Using eqs 4.2 and 4.3 one can derive the alternative
expression

L= [ LY (%) (S2)°
200kpT J““"dx2{6[ =/ T\ ]+
XABdA®) qé(x)} (4.6)

The right-hand side of eq 4.6 may be regarded as the
action of a classical particle moving in two-dimensions
with spatial coordinates g4 and g and with x playing the
role of time. The motion takes place under the constraint
of eq 4.4; i.e., it is confined to a circle. Equations 4.2 and
4.3 are the corresponding Euler-Lagrange equations.
Equation 4.5 follows from conservation of “energy”, the
value of the energy being zero. This analogy to classical
mechanics problems is familiar in the theory of solitons
and fronts, and it is very helpful for the A/BC interface,
too. For the interface problem, the minimization of the
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“action” is nothing more than the statement that the
density profile, as determined by the gk functions,
minimizes the interfacial free energy (i.e., interfacial
tension).

There are independent physical derivations of eqs 4.5
and 4.6. Equation 4.5 follows from an argument based on
integration of surface energy over a coupling parameter
that can be used to put the interface together.l

Equation 4.6 can be shown to be the sum of polymer
conformational entropy associated with the requirement
that the polymer walks turn back into their own phase
and a surface energy term arising from the overlap of A
and B at the interface.

B. Theory of the A/BC Interface. A simple way of
extending the theory of the A/B interface to that of A/BC
is via an equation like eq 4.6 for the interfacial tension.
Anticipating the usefulness of an analogy to mechanics,
we employ a notation paralleling that field; viz., we
introduce Lagrangian-, kinetic energy-, and potential

energy-like quantities, related by L = K - V. Keep in
mind that x is a time-like variable.
v/pgksT = 2 [ ~dx (K(x) - V(x)) 4.7

2 d d 2 dq 2
ke =3 5L(3) + (G + ()] wo

V(x) = —(1/2)fx 504 (%) g5(x) + x4cqa(®) g3(x) +
Xped5(®) ga(x) - g5(x) Aug — ga(x)Auc} (4.9)

The last two terms of v, with the Au’s given by eqs 2.2 and
2.3, are needed to remove the bulk free energy from the
expression, leaving interfacial tension. The gk(x)’s are
determined by functionally minimizing v with respect to
the gx’s but subject to the condition that

a5(x) + gh(x) + gi(x) = 1 (4.10)
for all x. Minimization yields the equations

b2 d’qy
6 dx - [XABQB(-"C) + XAcqc(x) + w(x)lgx) =0 (4.11)
2d2
b dqf {XABQA(x) + XBC[QC(x) ¢(2:m] + w(x)lgp(x) = 0
4.12)
b2 d’qc
"6" dx? {XAch(x) + ch[qB(x) ¢Bm] + w(x)}qC(x)

(4.13)

where w(x) is a function that must be chosen such that eq
4.10 is satisfied for all x.

There is actually an easier way to proceed, an extension
of the method used for the A/B interface.! Rather than
drawing the analogy to a constrained three-dimensional
motion in aspace with “coordinates” g4, ¢B, and g¢ (instead
of x, y, 2), one can confine the motion to the unit sphere,
as required by eq 4.10, by writing

gy =cosb
gg =sinfcos ¢

gc=sinfsin¢ 4.14)

and regarding 6(x) and ¢(x) as the dependent variables.
Then no constraint condition, hence no w(x) function,
enters. (There should be no confusion between the angle,
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¢, which is never subscripted with a letter, and volume
fraction variables, which are always subscripted with a
letter.)

The mechanics problem analogous to the A/BC interface
problem can now be put as follows. We need to know
about the motion of a “particle” that falls off the pole of
asphere at a time (variable x) infinitely in the past, moves
through a potential

=- -;-{cos2 8 sin? 6(x AB cos? ¢ + x AC sin? ¢) +
Xpc sin® 8sin® § cos® ¢ sin? ¢ -
(cos® ¢ sin* & + sin’ ¢ cos* @)} (4.15)
with potential energy

= 1[(492 4 g5 (d9)2
K=3 (dx) + sin 0(dx) ] (4.16)
and arrives at the equator, with longitudinal angle «, at
a time of +«. The angle « is defined such that cos? a =
OBe-
Tobe quantitative it is convenient to go over to a Hamil-
tonian formulation of the equations of motion, introducing
the conjugate momenta to 6 and ¢. This yields

gz : “4.17)
i‘é = 8§ Py (4.18)

dx  p2gin?4

—— = ¢os § sin 6(cos®  — sin® §)(x 45 cos® ¢ +

d
XacC sin® ¢) + Xpc o8 § sin 4[2 sin’ 0 cos® ¢ sin® ¢ -
(cos? ¢ sin' a + sin® ¢ cos* )] + & 885 2 (4 1)
6 sin® 0
d
% = sin®  cos ¢ sin &t (Xac — Xap) cos’ 0 +

xBC[(sin2 f(cos® ¢ - sin® ¢) + (sin* & — cos* al} (4.20)

The conserved energy for this problem is K(x) + V(x) =
0.

Once one has the interfacial concentration profiles, one
could use eq 4.7 to calculate the interfacial tension. The
equivalent expressions

YipoksT = ~4 f ~dx V(x) 4.21)

=4 dx K@) (4.22)

are more convenient.

Some details of the numerical solution for the trajectory
are presented in Appendix A. It is a bit tricky since the
initial and final points are unstable fixed points of the
equations.

V. Distribution of the B and C Polymers Well
into the A Phase

Usually, as one gets away from the interfacial region
and wellinto the A phase (large negative x), either polymer
B or C will dominate; i.e., the ratio of B to C concentration
will go to either infinity or zero. In this section we will
discuss this matter, presenting a physical derivation of
the criterion for deciding which dominates. In Appendix
A we will get more quantitative. In section VLA we will
discuss the case where the ratio of B to C remains
everywhere constant.
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Consider that we are at a point x fairly deep into the
A phase, where both B and C are present to some extent,
but they are quite dilute. Consider what the free energy
change, per monomer, would be if we changed one of the
B chains there into a chain of C. We do it as follows. Take
a monomer of B away from x, for a free energy change (in
units of kgT) of —xap. Put it into the mixed phase (at x
= o), for a free energy change of Aup. Take a monomer
of C from the mixed phase, for a free energy change of
-Auc. Putit at x for a free energy change of xac. (Forget
about the breaking of the chain, since we are going to
eventually do this repeatedly enough to reconstruct a
chain.) If the cost of the operation is positive

Xac — Mc — Xap + Okg = Xac— XaB ™
Xpc(#B= ~ $ce) > 0 (5.1)

(we have used d)%, - q%,,, = ¢B= — Pc=), then the process
does not spontaneously occur. This means that B is the
dominant polymer well into the A half-space. If the sign
of the inequality 5.1 is the other way, then C is dominant.
In Appendix A it will be shown that the ratio of the C to
the B polymer concentration falls off as

expil(xsc — XBc(f%a)l/z = (XaB~ XBc¢%w)l/2]x}
asx ——=, This will fall to zero if inequality 5.1 is satisfied.
We have adopted the convention throughout this paper,
except where noted, that B is the component that
dominates in the A region; i.e., B and C are named such
that inequality 5.1 is satisfied.

VI. Limiting Cases

A. TheRatioof B toC Stays Constant. Thesituation
where (5.1) is an equality

XAC ~ XAB — XBc(9B- — Pc=) =0 6.1)

is an interesting one to address and one that will be
important in our later discussion of the results of calcu-
lations. Inthis case we show in Appendix B that the ratio
of the concentrations of B to C remains constant through-
out and the interfacial properties can be found analytically.
They correspond to that of, what we might call, an A/B’
interface with an effective x parameter, x’, given by

x' = XaB®Bo T XacPc- + 'XBC|¢B:D¢C3: 6.2)

The A concentration is given by eq 3.2 with x’ replacing
xaB. The B’ concentration is then given by eq 3.3 and is
divided into B and C so that the ratio of B to C remains
¢B-/dc- for all x. The interfacial tension is v =
671/2kgTpob(x")1/2, and the overlap is ap, = b/(6x")'/% Of
course, there is no adsorption of B to the interface.

B. When Cis Strongly Excluded from Overlap with
A. In Figure 1 we see the concentration profile of an
interface for which xac/xaB = 8, xsc/xaB = —0.25, and ¢p.
= (.5. Note that there is little overlap between C and A
under these conditions. When this is the case there are
some properties of the interface that can be obtained
analytically. Let us divide the interfacial region into two
parts. The first, called region I, will be on the left, where
the A concentration falls from a value of unity to a very
small value and the B concentration builds up to a value
close to unity. Finally, when the A concentration has
decreased significantly, the C concentration can start to
build up; and this region on the right, starting at some x
> 0, we shall label II.

Let us first estimate where the break between regions
I and IT occurs. The x corresponding to the maximum of
¢B-(x) might be ideal, but it is hard to locate via some
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Figure 1. Concentration profile for an A/BC interface with XAC
= 8, xac = -0.25, and ¢p. = 0.5. The solid line is the profile
(volume fraction) of A, the long dashes the profile of B, and the
short dashes the profile of C. The dotted line is the ratio [¢c(x)/
#B(x)][¢B=/ dc=].

closed-formed expression (without solving the differential
equations). Therefore, we will select another point, which
should be close-by. Consider that we are at some position
x where the concentrations of A and C are small and ¢p
~ 1. We want to know if we are far enough out to start
building up the concentration of C while bringing the
concentration of B back down toward ¢p.. The cost of
having one less monomer of B at that level and one more
monomer of C is an increase (xac — xaB)¢a in free energy
due to interactions with A. However, the free energy
decreases by xpc(¢B ~ ¢¢) by virtue of an increase in the
number of BC interactions. There is also a change in the
free energy (the osmotic term) of Aug — Auc = xBc(Pcw- —
¢B-) due to the fact that the C monomer has to be taken
out of the bulk and replaced by the B. Thus, when ¢a(x)
has fallen to such a low value that

(Xac — XaB)Pa — IXBcl(@8 — d¢ + ¢ce — ¥Ba) =0 (6.3)

one has reached a point where it pays to start building up
the C concentration. (Comparison with eq 4.20 reveals
that this is also where dp,/dx = 0.) If there is to be a good
separation of regions, then ¢,(x) should be small at this
point. This requires that xac — xas be large, or [xnc| be
small, or ¢p. be close to unity. When ¢, is small near the
I-II boundary, its value, call it ¢4 o, can be approximated
as

da0 = 2xpcl(l — #p.)/ (Xac ~ Xap) 6.4)

In Appendix C we derive expressions for the concen-
tration profiles that are valid everywhere except near the
boundary betweenregionsIand II. Theimportant physics
to note is that in region I, although essentially no C is
present, the interface is not exactly like an A/B interface.
That is because in addition to the A-B interactions acting
on B units, there is an osmotic force arising from the
chemical potential terms. This osmotic force tends to
remove B polymer from regions where component C is not
present or is present at concentration less than ¢p.. In
Appendix C approximate expressions, including estimates
that go beyond the asymptotic limit, are given for the
overlap length, aj, and the interfacial tension, 4. The
expression for v is not as good as one might like because
important contributions, coming from the zone near the
I-1II boundary, are omitted.

VII. Properties of the A/BC Interface As the
Parameters Are Varied

The independent parameters that have been introduced
in the present model of the A/BC interface are b, pg, xaB,
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XAC, XBC, and ¢p«. The first three can be considered as
scaling the physical properties of the system. This is
analogous to the way they scale the properties of the A/B
interface. Thus, one may define the reduced interfacial
tension

g ——
Y= —-1——-—_ (1.1
67/ 2kBTpobx}(;g’
reduced distance
x

= — 7.2
b(6xp) ? 2

(similarly for dr), and reduced x parameters

ixL = Xk1/XAB (7.3)

(Sometimes we will explicitly write xap, even though it
equals unity, in order to make the physical dependencies
clearer.) A reduced measure of the excess B adsorbed to
the surface is

Ny
6—1 /2 Po b

Except for these multiplicative scaling factors, the
properties of the system depend on three parameters:
XACs XBC, 8nd ¢p.. In this section we will report the
theoretical predictions of how the properties vary as these
parameters are varied. We will also describe physically
why the variations observed occur. Results for a wide
variety of parameter values are summarized in Table I.
(Nt:)t all the points shown in the figures are included in the
table.)

To begin let us look in some depth at a system with a
particular set of parameters that will serve as a benchmark:
xac = 2, xsc = ~0.25, and ¢p- = 0.5. Figure 2 shows the
concentration profiles across the interface for this system.
The most striking feature is how rapidly the ratio of C to
B concentration (dotted curve) falls to zero as one goes
from the blend phase toward the A region. The falloff is
rapid even in the region where hardly any A is present.
Even though the sum of B and C concentration is falling
as one moves from right toleft, the B concentration actually
has a region in which it rises. By the time one reaches the
positions near % = 0, where there are significant amounts
of A, there is little C present. The interfacial tension
calculated for this case is ¥ = 1.167, the overlap is a1, =
0.906, and the excess B is Ay = 0.857.

The effect of component B dominating the interface is
even more striking as one increases the value of xac. We
gee that in the concentration profiles of Figure 1, where
xBc = —0.25 and ¢p. = 0.5 again, but now xac = 8. This
is a case where the regions I and II of section VI.B are well
defined. At the boundary, ¢ag, given by eq 6.4, has the
very small value of 0.036. (This occurs at ¥ = 1.41. The
maximum in ¢g occurs at ¥ = 1.36, where ¢ = 0.040.) The
interfacial tension in this case is ¥ = 1.278. This may be
compared with the estimate 1.216 for the well separated
A and C, according to eqs C.7 plus C.13. As stated earlier,
one cannot expect great accuracy away from the asymptotic
limit. Note that vy differs considerably from simply the
value of an A/B interface, which would be 1. The overlap
isdy =0.916. Equation C.8 predicts a value of 0.874, which
is only moderately good. The excess B is fi;;p = 1.709.
Equation C.9 plus eq C.14 predicts 1.910, the considerable
error being a reflection of the importance of the I-II
boundary region.

In general the repulsion between A and C is driving the
C component away from the interface and filling the space

(1.4)

>

xsB
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Table 1
Properties Calculated for Several Values of the Parameters
XAC XBC (2 Y aL AxB
2 -0.25 0.5 1.1670 0.8567 0.9063
1.05 -0.25 0.5 1.0425 0.0611 0.9596
1.1 -0.25 0.5 1.0535 0.1202 0.9505
1.2 -0.256 0.5 1.0733 0.2326 0.9361
1.5 -0.25 0.5 1.1193 0.5204 0.9137
2.5 -0.25 0.5 1.1954 1.0729 0.9080
5 -0.25 0.5 1.2522 1.5227 0.9144
6 -0.25 0.5 1.2632 1.6024 0.9154
8 -0.256 0.5 1.2776 1.7085 0.9156
1.5 -0.25 0.06 1.2152 0.3149 0.8272
1.75 ~0.25 0.05 1.2963 0.6344 0.7877
2 -0.25 0.05 1.3648 0.8886 0.7689
1.05 -0.1 0.5 1.0242 0.1426 0.9769
1.25 -0.1 0.5 1.0608 0.6586 0.9530
1.5 0.1 0.5 1.0898 1.1344 0.9461
-0.1 0.5 1.1199 1.6962 0.9499
-0.1 0.5 1.1677 2.4968 0.9657
-0.2 0.5 1.2264 1.7250 0.9282
-0.5 0.5 1.3493 1.0077 0.8576
-1 0.5 1.4755 0.6330 0.7785
-2 0.5 1.6372 0.3710 0.6823
-0.2 0.5 1.1543 1.0194 0.9186
-0.5 0.5 1.2140 0.4890 0.8614
-1 0.5 1.2813 0.2683 0.8050
-2 0.5 1.3881 0.1406 0.7338
-0.25 0.1 1.3407 0.8736 0.7835

025 025 12755 08699  0.8302
025 075 10661 07279 09705

P e = H RO NN R N D DN R N MBI N N T OO OT O ¢

-0.25 0.9 1.0182 0.5201 0.9945
0.5 0.1 1.3795 0.3188 0.7363
-0.5 0.25 1.3259 0.3952 0.7764
-0.5 0.5 1.2140 0.4890 0.8614
-0.5 0.75 1.0864 0.4753 0.9481
-0.5 0.9 1.0254 0.3598 0.9903
5 -0.25 0.02 1.2207 0.3043 0.8234
5 -0.25 0.1 1.2070 0.3397 0.8345
5 -0.25 0.75 1.0524 0.5282 0.9692
1 -0.5 0.5 1.0831 0.0636 0.9241
5 -0.5 0.5 1.1541 0.2828 0.8804
5 -2 0.4 1.3339 0.0152 0.7499
Cc/B

_________ B

---------- c

T A

Figure 2. Concentration profile with xac = 2, xac = ~0.25, and
¢8. = 0.5. The solid line is the profile (volume fraction) of A,
the long dashes the profile of B, and the short dashes the profile
of C. The dotted line is the ratio [¢c(x)/dp(x)][Pp=/PC].

with B. However, this separation of B from C costs free
energy, since the interaction parameter xgc is negative
(attractive). Toillustrate the effect of increasing xsc look
at the case where xac = 2 and ¢p. = 0.5, but xgc = -2
(compared with the benchmark, which has xgc = —0.25).
The profiles are shown in Figure 3. In contrast with Figure
2, much less repulsion of the C has occurred, although the
value of xac is the same. The repulsion has been
suppressed by the large energy needed to separate B from
C. Neither of the limits discussed in section VI pertain.
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Figure 3. Concentration profile with xac = 2, xac = -2, and ¢g..
= 0.5. See caption to Figure 2 for legend.
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Figure 4. Concentration profile with xac = 2, xac = -0.25, and
¢8- = 0.1. See caption to Figure 2 for legend.

Calculated values of the physical parameters can be found
in Table L.

Figure 4 illustrates how a fairly small amount of B can
greatly modify the properties of the interface. One sees
that, although the ratio of ¢¢ to ¢p in the mixed phase is
9:1, the two components have roughly equal concentration
in the region of significant overlap with A. We also see
how spread out the approach of ¢c and ¢p to the equi-
librium concentrations can be. It goes (cf. Appendix A)
with a characteristic reduced distance scale of
(4]xBol¢B-PC=)"1/2, which is 3.333 for these parameters.
The interfacial tension in this case is ¥ = 1.342, which
might be compared with a binary A/C reduced interfacial
tension of 1.414. Itisinteresting toalso make a comparison
with the reduced interfacial tension of a hypothetical
interface where the ratio of C to B remains constant, which
would be (x/)!/2 = 1.387.

Next, let us examine a case approaching the conditions
under which the ratio of ¢¢c/¢s would remain constant, as
discussed in_section VL.A. Consider the system with
parameters xac = 1.5, xpc = -2, and ¢p. = 0.4. The
combination xac — XaB — XBC(@B- — ¢c.) = 0.1 is close to
the zero value that would lead to the properties being like
an A/B interface with effective x parameter

X' = Xap®B. + XacPce + [Xacldp.dc. = 1.78

In Figure 5 we see indeed that the ratio of C to B does not
fall off significantly until values of x well inside the A
phase. The calculated interfacial tension is y = 1.3339,
to be compared with (x’)l/ 2 = 1.3342. The overlap is a1,
= (.74986 compared with (x)"1/2 = 0.74953. The adsorp-
tion is fi;g = 0.0152, small, but not quite zero.
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c/iB

Figure 5. Concentration profile with xac = 1.5, xgc = -2, and
¢ = 0.4. See caption to Figure 2 for legend.

1.4

1.3H

<

Xac
Figure 6. Variation of interfacial tension with xac. (a) xac =
-0.25, ¢p. = 0.05; (b) xpc = —0.25, ¢ = 0.5; (¢) xac = 0.1, ¢B=
= 0.5. The properties were determined at the marked points.
The lines are meant only to guide the eye.

With the results for xac = 2, xac = -0.25, and ¢p. = 0.5
as a benchmark, let us consider the effect on the interfacial
tension and overlap of varying one or two parameters at
atime. In all the following figures the stars represent the
result of varying only one of the parameters, while the
diamonds and octagons show the effects of changing two
parameters. We begin by varying the interaction param-
eter xac. This drives the C component away from overlap
with A. Theresulting reduced interfacial tensionis plotted
in Figure 6 for three different sets of values of the other
parameters, xpc and ¢p.. As would be expected the
interfacial tension goes up with increased xac, but even-
tually it levels off when the C polymer is largely excluded
from overlap with A. The asymptotic limit of eqs C.7 and
C.13 is independent of xac. Curve b should level off to
avalueof 1.412. Curve cshowsthat when xgcis decreased
it is easier to pull the B component away from C and into
the region of A overlap. Hence the interfacial tension is
lower, and it is predicted that it will level off to 1.234.
Curve a shows the effect of having only a small amount
of B present. There is not enough B to keep the value of
¥ much below xl/ 2. Considering that there is only a 0.05
volume fraction of B in the mixed phase, the interfacial
tension is lowered quite a bit. For instance, consider the
pointon curvea corresponding to xac = 2. The calculated
value of ~/ is 1.363, which may be compared with x” 2=
1.414 or (x)¥/2 = 1. 401. Remember that even an A/B
interface would have ¥ = 1. Thus this 5% B reduces the
interfacial tension 12.4% from the A/C toward the A/B
value.

Figure 7 shows the measure of overlap, .. Curve b
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Figure 7. Variation of overlap distance with xac. See caption
to Figure 6 for legend.

25

2.01

Xac
Figure 8. Variation of excess B in the interface with xac. See
caption to Figure 6 for legend.

starts at a;, = 0.970, the exact value given by (x’)-1/2. The
overlap drops as the repulsion from C becomes greater.
Then &, goes through a minimum as a function xac.
Finally, it approaches the asymptoticlimit of eq C.8, which
is 0.900. However, for xac = 8 we calculate d;, = 0.916.
The approach to the asymptotic value appears to be from
above. The prediction of Appendix C is that it would be
from below. Hence for overlap the proposed method of
backing away from the asymptote has room for improve-
ment. (One probably has to account for the overlap of A
with C. We see no way that the true asymptotic limit for
&, can be wrong.)

Figure 8 shows the adsorption of B to the interface. For
large xac one expects the excess B to level off at some
value, and the curves appear to do so. Perhaps the most
surprising of the curves is curve a, where ¢p. = 0.05. There
is a very large amount of adsorption, eventually exceeding
the amount adsorbed when ¢p. = 0.5. We will have more
to say about the behavior at low B concentration below.

Now let us look at v, @1, and fix.g from the point of view
of varying xsc, with the other two parameters held
constant. InFigures9and 10 we show the result of varying
xsc With xac = 5, 2, and 1 and ¢p. = 0.5. When xg¢ is
large, components B and C find it difficult to separate, so
the approximation discussed in section VI.A becomes
exact. Infactfor xac =1and ¢p. = 0.5 thesystem behaves
like an A/ B’ interface for all negative xgc. Thus the solid
curves c in the figures are the exact results of using X =
1+ (1/4)xBc, and v = (x’)l/2 and d, = (x)"V/2

When Ichl is small it is very easy to have B replace C
in the region where A is present. Furthermore, once the
B has built up, and when the A concentration becomes
verysmall, there is a long characteristic distance for return
of the B concentration to ¢p.. This relaxation distance
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0 2 4 6
[%5cl
Figure 9. Variation of interfacial tension with xsc. All curves
have/¢gm =0.5. (a) xac = 5; (b) xac = 2; (¢) xac = 1 (exact, based
on x).

’iBC,

Figure 10. Variation of overlap distance with xgc. See caption
to Figure 9 for legend.

1% ¢!
Figure 11. Variation of excess B in the interface with xac. All
curves have ¢p. = 0.5. (8) xac = 5; (b) xac = 2. For xac=1and
¢B- = 0.5 there is no adsorption.

is 2(¢Bm¢cm|)~(3c|)1/ 2, in reduced units. The interfacial
tension of the region where B returns to concentration
¢B- approaches zero like |xpc|/2, so the total reduced
interfacial tension approaches unity like |[xpc|!/2

The adsorptxon of B is most directly observed in Figure
11, which gwes the values of fizep vs |xgcl. Oneshould note
that implicit in Figure 11 is another curve; viz., when xac
=1 and ¢p. = 0.5, then A,z = 0, as discussed in section
VILA.

Finally, let us consider the effect of varying the
concentration ¢p., as illustrated in Figures 12 and 13. For
¢B-=0 the curves are anchored at the values for an A/C

interface, v = x12 and &, = x3¢>. For ¢p. = 1 all the
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Figure 12. Variation of interfacial tension with ¢ge. (8) Xac =
2, xec = —0.5; (b) xac = 2, xpc = —0.25; (¢) xac = 1.5, xgc = -0.25.
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Figure 13. Variation of overlap distance with ¢g.. See caption
to Figure 12 for legend.

curves go to unity. Perhaps the most interesting aspect
of the figures is the rapid decrease of the interfacial tension
and the rapid rise of the overlap with the first addition of
polymer B. Thisis notsosurprising in view of the following
fact about the case where ¢p. = 0.02, xac = 2, and xsc =
-0.25. By the time one gets to the point ¥ = 0, where ¢a
is very close to 0.5, the ratio of C to B concentration is
2.25:1, not 49:1 as in the bulk. Thus even for such small
amounts of B, a perturbation theory would not be very
accurate. (Before discussing further the behavior near
small concentrations of B, we should inject a note of
caution. Our computer programs appear to be having some
difficulty handling the small ¢p. case, and we are not sure
that the accuracy in the third or fourth decimal is sufficient
to affirm some of the more subtle conclusions we are about
todiscuss. The way to proceed is to do perturbation theory
on the A/C interface. Such a perturbation theory is
singular, with difficulties developing at both large negative
and positive ¥. We plan to do such a perturbation theory
in the future.) Looking at curves ¢ of Figures 12 and 13,
one sees that if one weakens the A-C repulsion down to
xac = 1.5, there is much less adsorption of B, and the
sharp change near the ¢p. — 0 limit is not prominent.
For ¢B~ = 0.02 the ratio of C to B at ¥ = 0 is still a fairly
large 10.8:1. Likewise, if one increases the B—C attraction
to %sc = —0.5, as in curves a, the B and C components find
it more difficult to separate, so there is much less
adsorption, and less sharp a change with small added B.

The concentration dependence of the excess B is
interesting. Itisshown in Figure 14. For concentrations
approaching pure B the excess B goes to zero. However,
for ¢p- approaching the smallest values we have been able
to study, the excess B appears to approach a finite value.
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Figure 14. Variation of excess B in the interface with ¢p.. See
caption to Figure 12 for legend.

Examination of the contributions from each half-space
reveals that the finite value is coming from the positive
%side. Itistruethattherelaxation distance for component
B to go from a value characteristic of the interface to ¢p=
approaches infinity as ¢p. — 0, but it only does so as
(¢B-)"1/2. That means that for fi;p to stay finite, the
concentration of B at typical values of % would have to be
of order (¢p~)'/2, not the first power. This is an issue that
is in need of further study by perturbation theory, and by
modifying the code to handle small ¢p.. better.

Other than the region near ¢p. = 0, the interfacial
tension is fairly linear as a function of concentration for
the cases studied. We have not been able to find amethod
of estimating v that would demonstrate the reasonableness
of this near linearity. In arguments we have tried to
develop there are positive and negative terms, so it is hard
to tell what the sum will be. Frankly, we expected more
of an upward bowing, i.e., a more rapid approach to the
A/B-like character.

VIII. Summary and Discussion

In this paper we develop the theory of the A/BC
interface. By solving the appropriate equations quanti-
tative results are obtained for the concentration profiles,
the interfacial tension, a characteristic overlap distance
between the A and the BC phase, and the amount of B
adsorbed to the interface. The discussion is carried out
in terms of parameters reduced by values appropriate to
the A/B interface. There are three intringically new
parameters when component C is present: xac = xac/
XAB, XBC = XBC/XaB, and the composition variable for the
BC phase, ¢p.. When the relation xac — xaB - x8c(2¢B=
—1) = 0 then the ratio of B to C remains constant through
theinterface and the properties may be expressed in closed
form in terms of an effective x parameter. Ingeneral, one
polymer adsorbs to the interface (we call this one the B
polymer). Itisthisadsorptionthat modifies the properties,
sometimes strongly. The adsorption follows the rules that
are well-known for surface-active agents. However, for
polymers the adsorption is stronger because their is no
entropy of mixing term tending to_homogenize, and the
interfaces are thicker. Increasing xac repels C from the
interfacial region, increasing B adsorption. Increasing [xac|
(xBe is negative) has the opposite effect since it makes it
more energetically unfavorable to separate B from C. Even
fairly small amounts of B in the BC phase can lead to a
considerable adsorption and consequent modification of
the interfacial properties.
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the initial stage of this research and especially for some
early work on numerical solution of the differential
equations.

Appendix A: Numerical Solution of the
Differential Equations

In section IV.B a word description of the analogy
between the differential equations for the interfacial
profiles and the motion of a point on a sphere was given.
The differential equations are eqs 4.17-4.20. There are
some features of this problem that prevent one from simply
using a library program for differential equations. The
first is that the boundary conditions are given at the
beginning and end of the trajectory. Most programs are
for initial conditions given, but there are some for two or
more point boundary conditions. The latter also did not
prove to be useful because the initial and final points of
the trajectory are unstable fixed points, which have to be
approached in very special ways. Werequire thatat “time”
% — -« the particle roll off the pole with velocity
approaching zero. At“time” % ~ « the particle must come
up to the equator (f = #/2) and stop at ¢ = a. In order
for this to happen to particle must start and stop heading
in just the right direction, and with just the right
momentum-time relation. These asymptotic laws can be
determined by an analytic consideration of the linearized
equations appropriate near the pole and equator.

For # — —» the analysis is clearer working with the
original equations for the gx(%), rather than 8 and ¢. So
we return to eqs 4.12 and 4.13 and select the largest terms
as £ — -, Inthis case g4 ~1, while ¢g and q¢ are small.
Also w is small, reflecting the fact that it goes to zero in
the bulk A phases. Hence the important parts of eqs 4.12
and 4.13 to consider are

dqu - -,

—— = (XaB ~ XBc®C=)dB (A1)
dx

d’¢¢ . .

d:‘czc = (Xac™ XBC¢]23m)q0 (A.2)

The asymptotic solutions are
gp(E——=) « expl(Xp ~ Xpcde.) 2] (A3)

o) « expl(Xac~ Xpch)/"2]  (A4)
By means of eqs 4.14 this may be translated into

8(F—>—w) ~ qp(%) ~ g; exp[(xsp - XpchC.) " %] (A5)

() = q(%)/qp(%) ~ &, exp{l(Xac ~ XpcPna) "> —
(XaB — XBc95.)1"%%} (A.6)

Here g, and g; are proportionality constants to be
determined as indicated below.

The approach to the equator, § — /2, corresponds to
% — «. The asymptotic analysis in this region is best
carried out in 6,0 language. Here ¢ — o where cos? a =
¢B~. We can write as equations valid asymptotically as

X— =

2 - -~ -~
%.‘;?% = _(XAB¢’Ba= + XacPce — XBC¢BQ¢CQ)(W/2 - 6) (AD
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2

i.% = dxXpcPpaPo.(e — §) (A.8)
dz

The asymptotic solutions are

H(xZ—») ~ g ~ 83 exp[~(Xap®B= + Xachcw —
XpcPpaPce) %] (A.9)
(F—=) ~ a - g, exp[-2(Xpcltp.dc.) /*E] (A.10)

These asymptotic forms may be used to move the
solutions away from % — <, far enough to avoid difficulty
with the numerical integration, but not so far that the
asymptotic forms are not excellent approximations. In
this way the differential eqs 4.17 to 4.20 may be integrated
from % = - toward the right and from % = +« toward the
left. The four constants, g;, will be chosen so that the two
solutions match at some point, which we chose as the point,
call it xy, where 6 = 7/4. (Actually, in the beginning we
regard %), as the zero of x. Later we shift the x axis, after
we have a solution and can calculate the position of the
Gibbs dividing surface relative to #,.) Hence, the implicit
equations for the g/’s are

B(x=%,-) = n/4 (A.11)
(=%, +) = n/4 (A.12)
DyE=%,-) = py(=%,+) (A.13)
PE=%,-) = p(E=%,+) (A.14)

These equations guarantee the continuity of p; at %, by
the conservation of “energy”.

One must start with a fairly good guess for the g’s, or
the trajectory will go off into physically meaningless regions
of the sphere. Weincluded in the program some methods
of improving the guess when this occurred. A convenient
change of variables if from % to s defined by s = (2/7)
arctan (e*). This is chosen so that for the A/B interface
the solution is 6 = (7/2)s.

Appendix B: Solution Where the Ratio of B to C
Remains Constant

The ratio ¢p=/¢c. will remain constant if (%) = a and
Py = 0 for all . From eq 4.20 we see that dp,/dz will
everywhere vanish under these conditions if

;CAC - ;(AB - ;(Bc(¢‘3m ~¢c) =0 (B.1)
With ¢(%) = «, eq 4.20 for dps/d% reduces to (b = p/671/2b)
dp,/dx = (x'/4) sin (46) (B.2)

X = ;(Algd’}gun + ;(Acd’cm + |;(Bc|¢3a¢cm (B.3)
Equation B.2 is just the equation for a binary interface!
with an effective x given by x’. In view of eq B.1, ¥’ can
also be written as
_ (Xa * Xac T [Xach® - 4X xpXac
4|xgcl

(B.4)

>

Appendix C: Analytical Solution for Strong B
Adsorption

In this appendix we will see what conditions lead to
strong B adsorption. By this we mean (moving from left
to right) ¢p(Z) goes nearly to unity for a range of % before
significant amounts of C appear. We will also examine
the consequences of strong B adsorption. Insection VIL.B
we stated conditions that would lead to the point of
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maximum acceleration of the ¢ variable occurring when
the A concentration is small. Here we will elaborate on
this, too.

Assume that there is a region, which we will call region
I, where ¢(%) and p,(%) are small. Then the energy
equation, K(x) + V(x) = 0, provides a first-order equation
for d6/dx:

dé/dx = (1/k)Asin 8 (C.1)
= (Xap + Xpcl#t.)" (C.2)
= (1 - k? sin? §)/2 (C.3)

The solution is
P k[ A+cosf + cos 90]
—i=3ll A —cos A - cos 6 €4

where sub 0 means evaluated at %o, the boundary between
regions I and II. One can evaluate cos 8, from eq 6.4. If
we assume that ¢, falls from the value cos 8 precipitously
tozero at %, then eq 2.4, which defines the Gibbs dividing
surface for A to be at % = 0, yields as an equation for %

=lo k+1
gkcosa + 4,

There is an important observation to be made for the case
where xac — «. The largest that 6, can get to be is 7/2
so that as ¢a(%o) — 0, one finds that

) 1. 1+k
lim %,=-log
¢aGo)—0 2 1-k

(C.5

(C.6)

Unfortunately, this limit is approached rather slowly. For
xac = 8, xgc = -0.25, and ¢B- = 0.5, one finds by eq C.6
that %, = 2.094, whereas eq C.5 yields % = 1.397.
Nevertheless, for the true asymptotic limit, eq C.6 can be
used; and it tells us that the properties of the system are
independent of xac for large xac.

It is very easy to determine in closed form the contri-
bution of region I to the system’s properties. As we saw
in the body of the paper, #, 41, and fi;p are given as
integrals over . These can be converted to integrals over
6 using eq C.1. We report only the results:

Yr = (1/R)(L - Ay cos 8y) + [xpcldd.%, €.
= (1/R)(1 - Aq c08 6p) - [xpclot.Z,  (C.8)

NyB1 = Pcato (C.9

The true limits, as conditions make 8y — /2, are easily
seen.
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Next we should consider region II. Here we have
assumed that there is no A, i.e., § = n/2 and dé/dx = 0
Now the conservation of energy gives an equation for ¢

d¢/d% = |xgd**(cos® ¢ - cos® @) (C.10)
with solution
tan ¢ = tan a tanh [[xgd"*(¢p.dc.) /2% - )]  (C.11)
L 1 [tana+tan¢0]
17 %" 2/xgcl"/? cos @ sin & tan a - tan ¢,
(C.12)

Again %, is the dividing point between regions I and II,
and ¢ = ¢(%o). For strict asymptotics one should assume
that % is given by eq C.6, and ¢o = 0. However, we have
been trying in this appendix to give a reasonable way of
estimating properties before the asymptotic range is
reached. Thus, we will assume that the B concentration
is continuous at %, s0 ¢p = /o7 ~ 6;. Unfortunately that
also means that the A concentration falls suddenly to zero
at X, while the C concentration jumps suddenly to such
a value that it replaces the A.

Again, it is easy to evaluate in closed form the contri-
bution to the interfacial tension and adsorption:

= |xadl/2[/, sin (20) ~ Y/, sin (2¢,) -
(o — @) cos (2a)] (C.13)
a—gq

B

(C.14)
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